We discuss the forward-backward correlations of harmonic flow in Pb+Pb collisions at the CERN Large Hadron Collider (LHC), applying standard multibin measures, as well as proposed here new measures. We illustrate the methods with hydrodynamic model simulations based on event-by-event initial conditions from the wounded quark model with asymmetric rapidity emission profiles. Within the model we examine independently the event-plane angle and the flow magnitude decorrelations. We find specific hierarchy between various flow decorrelation measures and confirm certain factorization relations. We find qualitative agreement of the model and the data from the ATLAS and CMS Collaborations.
I. INTRODUCTION
In recent years, longitudinal correlations of harmonic flow have been the object of an active study in the field of ultra-relativistic nuclear collisions. The importance of these investigations stems from the fact that the obtained correlation measures, related to the harmonic flow which is the key physical phenomenon of the underlying collective dynamics, probe the fluctuations in the early times of the evolution of the system, and as such pose severe and challenging constraints to models of the initial stages of the collisions.
It is widely believed that the harmonic flow seen in momenta distributions of the produced hadrons in the transverse plane originates from the eccentricity generated in the initial state via the mechanism of the shapeflow transmutation. Since the initial state is approximately boost-invariant, at least in the pseudorapidity acceptance of the current experiments, one expects the flow pattern to be very similar not too far away from midrapidity. This is indeed the case, as can be inferred from the recent data from the CMS [1] and ATLAS [2, 3] Collaborations at the LHC, as well as from a very recent analysis at the BNL Relativistic Heavy-Ion Collide (RHIC) [4] .
However, the expected large correlation of flow properties in distant pseudorapidity bins is diminished by the presence of fluctuations in the early dynamics. These fluctuations may be of different origin, and affect both the transverse and the longitudinal event-by-event distribution of the entropy density. Studies of appropriate measures in different collision systems at different centralities and at different collision energies may help to understand the pertinent mechanisms of early fluctua- * Piotr.Bozek@fis.agh.edu.pl † Wojciech.Broniowski@ifj.edu.pl tions.
The torque effect, proposed in [5] , has fluctuating angles of the event-plane orientation as a function of pseudorapidity, caused by fluctuations of the longitudinal distribution of sources. As described in Sect. II, these fluctuations are induced by sources 1 of a random character, which have asymmetric emission profiles in rapidity. They deposit entropy preferentially in the forward or backward direction, depending if they come from one or the other colliding nucleus. As a result, the forward and backward event-plane angles are decorrelated; the effect is not large, 10-20 degrees over a few units of pseudorapidity, but clearly visible with the accurate experimental data. The idea was further developed in [6] [7] [8] , and the basic concept was confirmed with the experimental findings [1] [2] [3] . First hydrodynamic studies with the wounded-nucleon model [9] initial conditions [10] or with the AMPT [11] initial conditions [12] led to qualitative, or semi-quantitative, agreement for the Pb+Pb collisions at the LHC energies.
An analogous phenomenon is the transverse momentum (p T ) factorization breaking proposed in [13] [14] [15] , where the event-plane orientation decorrelates as a function of p T (in the same pseudorapidity bin). This phenomenon was experimentally confirmed for Pb+Pb and p+Pb by ALICE [16] , and for p+Pb by the ATLAS [17] Collaborations.
With the results for the torque effect for p+Pb collisions from [16] it became clear that the fluctuation mechanism is more subtle. Extra fluctuations from string breaking [18] [19] [20] [21] , glasma [22] , or decelerating strings [23] were investigated. Yet, a uniform physical model of flow decorrelation, working for different collision systems 1 By operational definition, a source is an early object which deposits entropy in the fireball. Typical model realizations are wounded nucleons, wounded quarks, or gluonic hot-spots.
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Pb+Pb 0-5% 1.0 , and for the harmonic flow measure from Eq. (6) (solid line for the model calculation described in the text. Diamonds indicate the CMS Collaboration data [1] , and the open squares the ATLAS Collaboration data [3] ). Panels (a) and (b) show the results for the second-and third-order harmonic flow, respectively. Pb-Pb collisions for centrality 0-5%.
(Pb+Pb, p+Pb), centralities, and rank of the flow harmonic, is to our knowledge not yet constructed. The purpose of this paper is to discuss the methodology of the longitudinal event-by-event fluctuations of the harmonic flow in Pb+Pb collisions at the Large Hadron Collider (LHC), with a focus on the interplay between the angle and flow magnitude correlations. In addition to by-now standard multibin decorrelation measures, we investigate new measures, sensitive to the correlations of the event-plane torque angle and the flow magnitude. We illustrate the techniques with a 3+1D hydrodynamic model run event-by-event. The outcome is specific hierarchy between various decorrelation measures. We also confirm factorization relations between the flow angle and magnitude decorrelations in specific correlators, first proposed in [3] . Our generic predictions and new decorrelation measures can be useful for future data analyses. An interesting possibility in this avenue has been explored in [24] , where a procedure of reverse engineering for the initial conditions from the final correlations is performed. Data and simulation on different correlators of flow harmonics would provide important additional data for the Bayesian fitting procedure.
II. MODEL
We use a 3+1 dimensional viscous hydrodynamic model to describe the evolution of the dense system formed in the early stage of the collision [25, 26] . The initial conditions are provided by the Glauber Monte Carlo model with quark degrees of freedom [27] , which is phenomenologically successful in describing the multiplicity distributions over a wide range of reactions [28] . The expansion of the fluid stops at the freeze-out temperature 150 MeV, with subsequent statistical emission of particles from the freeze-out hypersurface modeled with THERMINATOR [29] .
The fluctuations of the forward and backward going participant quarks lead to fluctuations in space-time rapidity η = 1 2 log t+z t−z of the initial entropy density, which can be written as
The sums run over N + right-and N − left-going participants at a transverse position (x i , y i ), and each source contributes a Gaussian-smeared term in the transverse plane,
The longitudinal profiles are asymmetric,
hence the entropy is deposited preferably in the direction of motion of a given participant [30] . This simple model (with a factorized transverselongitudinal distribution of Eq. (1) where only the transverse component fluctuates) leads to torque-like fluctuations of the orientation of the principal axes of eccentricities at different space-time rapidities [5] .
Our simulations, carried out within the above model, are as follows: For each hydrodynamic event we generate 200-800 THERMINATOR events, depending on centrality. These events are combined together such that for each hydrodynamic event the flow pattern can be reconstructed with good accuracy. This simple cumulativeevent procedure [31] removes any non-flow correlations (in the case of THERMINATOR, those coming from resonance decays). The reconstruction of the flow vectors allows us to check how the experimental observables are related to the actual flow angle and magnitude decorrelation in the model.
III. DECORRELATION OF THE FLOW EVENT-PLANE ANGLES AND MAGNITUDES
The basic object in constructing the flow measures is the flow vector, defined in each event as
where the sum runs over the m hadrons in a pseudorapidity interval around η, φ k is the azimuth of a hadron's motion, v n is the magnitude of harmonic flow of order n in the interval, and Ψ n is the corresponding event-plane angle.
The decorrelation of the harmonic flow in pseudorapidity can be quantified using the two-particle correlation
where . . . denotes the average over events. The function (5) is a measure of the correlation of the flow vector of harmonic order n at pseudorapidities η 1 and η 2 . For small rapidity separation of the two bins (∆η < 1)), the correlation function involves a significant contribution from the non-flow correlations [5, 31] . The ratio of the correlation functions at two different (but sufficiently large) pseudorapidity separations is a clever measure of flow decorrelation, which largely reduced the non-flow correlations [1] . It involves three pseudorapidity bins and is defined as
The reference bin at η ref is taken sufficiently far in the forward or backward pseudorapidity region, such that both |η ref − η| and |η ref + η| are large enough to suppress the non-flow correlations. In our simulations, following the experimental set up [1] , we take the reference bin as 4.4 < η ref < 5. We also symmetrize between the forward and backward pseudorapidities to increase statistics. One should recall that an important feature of measure (6), shared with other measures used to quantify eventby-event fluctuations, is the cancellation of the random fluctuations resulting from a finite number of hadrons in the pseudorapidity bins. That way the unfolding of the trivial statistical component from hadronization is effectively carried out.
The deviation of the correlator r n|n;1 from unity is a measure of a combined decorrelation of the flow angle Ψ n and of the flow magnitude v n at different rapidities [3] , since
(7) It has been noticed in the numerous model calculations [10] [11] [12] [18] [19] [20] [21] [22] [23] [24] and in the experimental data [1] [2] [3] that the flow decorrelation is larger for centralities where the flow magnitude is small (such as the central collisions for v 2 ). To gain more insight, in a model one can study separately the decorrelation of the magnitude and of the flow angle, and we will carry out this analysis in our hydrodynamic framework applying the cumulative-event procedure to increase statistics and remove the non-flow effects. The flow angle decorrelation can be calculated from the event-by-event orientation of Ψ n as a function of rapidity,
Analogously, the flow magnitude decorrelation can be measured as
In Figs. 1 and 2 we show the results for the decorrelations of the flow angle, flow magnitude, and flow vector for the second-and third-order harmonic flow in Pb+Pb collisions at the LHC. In can be noticed that the correlator for the torque angle shows the largest deviation from 1, i.e., the decorrelations of the angle is significantly larger than the magnitude decorrelation. It is even more striking to find that the decorrelation of the flow angle r Ψ n is larger than the flow decorrelation r 2 , although the latter one measures the combined decorrelation of both the flow angle and the magnitude. As we will discuss in detail shortly, the effect comes from the fact that the measure r n averages cos(n∆Ψ) weighted with v 2 n , and these variables are strongly correlated. This effect is especially important for v 3 and for v 2 in central collisions, where the relative fluctuations of v n are large. Figures 3 and 4 present the scattered plots of the average cos(n∆Ψ) and the scaled flow magnitude v n / v n . We note a very specific pattern, which is intuitive: as the flow magnitude increases, i.e., the object is more elongated along its principal axis, the forward-backward fluctuations of the flow angle are reduced. We note that when v n / v n ∼ 2, there is hardly any angle fluctuation left. Conversely, when v n is close to zero, the flow angle is poorly defined, as it fluctuates in a wide range. This effect is visible for all the centralities studied, with the flow angle decorrelation largest for cases where the magnitude of the flow fluctuations is relatively smaller. The behavior of the scattered plots (3-4) is qualitatively reflected in the features seen in Figs. (1-2) . 2k , for k = 0 (solid line), k = 1 (dashed line), and k = 2 (dotted line). The dashed-dotted line represent the correlator for the flow angle (Eq. 8). Experimental data for rn(η) are represented by diamonds (CMS) [1] and empty squares (ATLAS) [3] . Pb-Pb collisions for centrality 0-5%.
The simple understanding of the general behavior is somewhat toned down by not good agreement of the model results with the CMS and ATLAS data, indicated with symbols in Figs. (1-2) , which should agree with the solid lines (the flow vector decorrelation). We note too much decorrelation in r 2 for the most central events, and too little for r 2 and r 3 for the mid-peripheral events. Thus an improvement of the model should work in opposite directions for the central and peripheral events. As mentioned in the Introduction, to our knowledge, none of the existing models of the flow decorrelations is capable of describing the experimental data in a uniform way. 
IV. NEW MEASURES OF THE CORRELATION BETWEEN FLOW MAGNITUDE AND THE TORQUE ANGLE
In the observable r n (η), the cosine of the torque angle is weighted with the second power of the flow magnitude. The effect of weighting can be studied more accurately by considering different powers of the flow magnitude in the averages such as r n;2k
for k = 0, 1, 2, . . . (the factorization breaking coefficient r n (= r n|n;1 ) of Eq. (6) corresponds to k = 0).
The results of the study of correlations (10) be straightforwardly identified with the behavior seen in the scattered plots in Figs. 3 and 4. Higher moments of v n lead to the preference of higher average value of v n in the sampling. Indeed, for v 3 and for v 2 in central collisions one finds from the independent source model the relations
The conclusion at this point is that the hydrodynamic model with the wounded-quark initial condition predicts a strong anti-correlation between the flow magnitude and the torque angle in each event.
Similar weighting as in Eq. (10) could be introduced in other correlators proposed by the ATLAS Collaboration [32] , e.g.,
, (12) or for the nonlinear coupling of the flow harmonics, e.g.,
with k = 0, 1, 2, . . .. 
V. FOUR-BIN MEASURES
The decorrelation of the flow angle at different pseudorapidities can be studied using the 4-bin correlator [3, 33] 
It can be compared to the correlators involving a power of the flow vector in two rapidity bins
The correlator r n|n;k measures both the decorrelation of the flow angle and magnitude v perimental data is qualitatively correct. The decorrelation seen in the measure r n|n|;2 is stronger than in R n|n;2 . Quantitatively, the model overestimates the flow decorrelation in central and underestimates in semi-peripheral collisions, similarly to the behavior in Figs. 1 and 2 . There is an interesting feature which we confirm in our simulations: a factorization of the decorrelation measure r n|n;2 into the flow angle decorrelation R n|n;2 and the flow magnitude decorrelation of v 2 n holds in the hydrodynamic model. We define the correlation measure
and find a very good factorization of the flow and magnitude decorrelation, namely
holding both in central and semi-peripheral collisions, cf. 
The following possible factorization of correlators [3] r n|n;k (η) r n|n;1 (η) k
can also be tested in our hydrodynamic model. We find (cf. Figs. 9 and 10 ) an approximate factorization for v 2 and v 3 in the central collisions, and partly for v 3 in the 30-40% centrality collisions. The factorization is broken for the second-order flow in semi-peripheral collisions. These results are qualitatively in agreement with the ATLAS Collaboration results at √ s = 5020 TeV [3] .
VI. CONCLUSIONS
We have analyzed in detail flow decorrelation measures used up to now in experimental studies and in model simulations, as well as proposed generalizations of these measures containing different weighting by the flow magnitude. The basic purpose of such studies is to check the general "geometric" feature present in the models, namely, that the events with a higher flow magnitude decorrelate much less in the angle when the pseudorapidity location is changed, compared to the events with a lower flow magnitude.
The generalization of the flow decorrelation measures proposed in this paper, where v k n weights are additionally incorporated, can be directly tested in experimental analyses. We have also confirmed a specific factorization of the angle and magnitude decorrelation between two related correlators, as suggested in Ref. [3] .
One should admit that on the physics side there is a high demand for a deeper understanding of the mechanism generating the early stage fluctuations manifest in the forward-backward flow decorrelations. At this stage of theoretical development, the rich experimental data cannot be properly reproduced in a uniform way, i.e., for all centralities, orders of the harmonic flow (n = 2, 3), and for various colliding systems (Pb+Pb, p+Pb).
Nonetheless, whereas our model, with the obtained level of agreement to the experimental data, can be viewed as a specific illustrative example only, we note that the qualitative agreement with the data has been reached, with the strength of the decorrelation in the right ball-park, and with the proper ordering of various correlation measures. In particular, the ordering of correlators involving different moments of v n is the same as in the data.
